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Score-based generative modelling



Time Reversal - Chain Rule
A discrete time “heuristic” sketch

∪,∩, \Ω

Via the chain rule we can decompose the joint in either direction,

Now consider an EM approx transition density, for the forward kernel:

pt|t+δ(x|y)pt+δ(y)=pt+δ|t(y|x)pt(x)

pt|t+δ(x|y) =?

pt+δ|t(y|x) = N (y|x+ f+(x)δ, δσ2)
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Time Reversal - Chain Rule
A discrete time “heuristic” sketch

∪,∩, \Ω

Via Taylors Theorem we can expand time t marginal around y:

Assuming 

pt|t+δ(x|y) = pt+δ|t(y|x)
pt(y)e(x−y)⊤∇y ln pt(y)+O(δ2)

pt+δ(y)

pt|t+δ(x|y) = pt+δ|t(y|x)e
(x−y)⊤∇y ln pt(y)+O(δ2)

| ln pt(x)− ln ps(x)| = O(|t− s|2)



Time Reversal - Chain Rule
A discrete time “heuristic” sketch

∪,∩, \Ω

Regrouping and completing the square:

Which corresponds to the Euler Maruyama discretization of the 
following SDE (seem familiar ?):

pt|t+δ(x|y) =
e−

||x−(y−f+(y)δ+σ2∇y ln pt(y)δ||2

σ2δ
+O(δ2)

√
2πδd/2σd

dXt =
(

−f+(Xt, T − t) + σ2
∇Xt

ln pT−t(Xt)
)

dt+ σdWt



Time Reversal - Chain Rule
A discrete time “heuristic” sketch

∪,∩, \Ω

Inspecting the relationship between the drifts yields Nelsons duality 
formula:

f−(x, t) + f+(x, T − t) = σ2
∇x ln pT−t(x)



Time Reversal - Chain Rule
A discrete time “heuristic” sketch

∪,∩, \Ω

Inspecting the relationship between the drifts yields Nelsons duality 
formula:

Looks slightly different to Song et al. 2021, why ? 

f−(x, t) + f+(x, T − t) = σ2
∇x ln pT−t(x)



Time Reversal - Chain Rule
Nelsons Relation – Semantics Clarification

∪,∩, \Ω

Looks slightly different to Song et al. 2020, why ? 
Due to 2 equivalent ways of representing time reversals: 

Forward SDE (e.g. De Bortoli 2021)           Backwards SDE (e.g. Song 2021)          
- Travels forward in time                                - Travels Backwards in time

- Flips / No longer the same joint                 - Encodes the same joint

f−(x, t) + f+(x,T− t) = σ
2
∇x lnpT−t(x) f−(x, t)− f+(x, t) = σ

2
∇x lnpt(x)

dXt = f
−(Xt, t)dt+ σdWt dX−

t
= f

−(X−

t
, t)dt+ σdW−

t

Law(xt)
T

t=0 = Law(yT−t)
T

t=0 Law(xt)
T

t=0 = Law(yt)
T

t=0

dYt = f+(Yt, t)dt+ σdWt



Time Reversal – Generative Modelling
Time reversing VP-SDE / OU Process [Song 2021, De Bortoli 2021]

∪,∩, \Ω

Consider the time homogenous VP-SDE (OU Process):

Then its time reversal                                       satisfies the score SDE [Song 2021]:  

Where                       , thus we could instead sample approximately
and have                            following the mixing rate of the OU [De Bortoli 2021]

dYt = (αYt + 2α∇Yt
ln pT−t(Yt)) dt+

√
2αdBt

dXt = −βXtdt+
√

2βdWt

X0 ∼ pdata

Y0 ∼ pT ≈ N (0, I)

YT ∼ pdata Y0 ∼ N (0, I)
LawYT ≈ pdata

(Yt)
T
t=0

d
= (XT−t)

T
t=0



Probability flow ODE



Probability Flow ODE



Probability Flow ODE



Probability Flow ODE

FPE

Product 
Rule

Log Der. 
Trick



Probability Flow ODE

Pull der. 
And p(x) 

out



Generative Modelling



Generative Modelling



Generative Modelling



How to train and simulate?



Naïve Score Matching
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How to train and simulate?



Denoising Score Matching



Denoising Score Matching



How to train and simulate?



Tractable Score matching loss

∪,∩, \Ω

s∗ = argmin
s−is measurable

E

[

∫ T

0

∣

∣

∣

∣∇ ln pt|0(Xt|X0)− s(t,Xt)
∣

∣

∣

∣

2
dt

]
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Tractable Score matching loss

∪,∩, \Ω

s∗(t, x) =

∫
pt|0(x|x0)p0(x0)

pt(x)
∇ ln pt|0(x|x0)dx0

s∗(t, x) =
1

pt(x)

∫
p0(x0)∇pt|0(x|x0)dx0

s∗(t, x) =
1

pt(x)
∇

∫
p0(x0)pt|0(x|x0)dx0

s∗(t, x) =
1

pt(x)
∇pt(x) = ∇x ln pt(x)



Conditional Flow Matching



Denoising Score Matching



Denoising Score Matching



Key Equations for Score-based Modelling



Score-based generative modelling
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Normalising Flows



Normalising Flows



Continuous Normalising Flows (CNFs)



Continuous change-in-variables



Flow Matching



Many names – same idea



Many names – same idea



Many names – same idea



Many names – same idea



Conditional Flow Matching



Conditional Flows



Conditional Flows



(Conditional) Flow Matching: Training



Gaussian Probability Paths





Conditional Flow Matching



Score-based modelling



Conditional Flow Matching


