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Diffusion Models and SDEs

Lecture 2:
SDEs and how to manipulate them

(Lecture 3)

Time Reversal and Probability Flow ODE and Conditioning SDEs via

Score-based modelling Flow Matching Doob’s h-transform




Score-based generative modelling

Training: learn score s;(z) := V log p;(x) by

1. Sample from target z; ~ p;
2. Run "forward" SDE to "noise" z; until it becomes "simple" z¢ ~ pg

3. Minimize some loss « ||§:(z) — St(il3)||2

Inference: sample using "reverse" SDE or prob-flow ODE

Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)d —)@— — g (t)V. logpi (z ) dt + g(t)dw

Figure 2 from Song et al. (2020)




Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Via the chain rule we can decompose the joint in either direction,
Pt|t+5 (z|y)pi+s(y) —Pt+5]t (y|x)pe(x)

Now consider an EM approx transition density, for the forward kernel:

Perse(ylz) = N(ylz + f7 ()8, 00°)
Pt|¢ s(zly) =7




Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Via the chain rule we can decompose the joint in either direction,
Pt|t+6 (z|y)pi+s (y)zpt+5\t (y]|z)pe ()
Now consider an EM approx transition density, for the forward kernel:
Piroe(ylz) = N(ylz + f*(2)d,60°)

pt()
pt+5(y)

pt|t—|—5(x‘y) — pt+5|t(y|az)



Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Via Taylors Theorem we can expand time t marginal around y:

pi(y)e@=¥) " VyInp:(y)+0(57)

Ptlt+s\L|Y) = Pt45(t\Y|L
t|t+ ( ‘ ) t+ |t( ‘ ) pt—|—5(y)

Assuming |Inp,(z) — Inp,(z)| = O(|t — s|*)

T 2
Delirs(T|y) = Popsle(y|z)e®™Y) Vylnp (W) +OE7)



Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Regrouping and completing the square:

x—(y— + 0'2 n 2
6_|| (y—f (y)5;r26Vy1 pt(y)6l| —|—(9(52)

Which corresponds to the Euler Maruyama discretization of the
following SDE (seem familiar ?):

dX; = (—fT(Xy, T —t) + 0°Vx, Inpr_+(X;)) dt + odW;



Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Inspecting the relationship between the drifts yields Nelsons duality
formula:

f(x,t)+ fT(z, T —t) = 0"V, Inpr_.(x)




Time Reversal - Chain Rule

A discrete time “heuristic” sketch

Inspecting the relationship between the drifts yields Nelsons duality
formula:

f(x,t)+ fT(z, T —t) = 0"V, Inpr_.(x)

Looks slightly different to Song et al. 2021, why ?



Time Reversal - Chain Rule

Nelsons Relation — Semantics Clarification

Looks slightly different to Song et al. 2020, why ?
Due to 2 equivalent ways of representing time reversals:

dY; = f7 (Y, t)dt + odW,

Forward SDE (e.g. De Bortoli 2021) Backwards SDE (e.g. Song 2021)

- Travels forward in time - Travels Backwards in time
dX; = £ (Xg, t)dt + cd Wy dX; = (X[, t)dt + odW{
f~(x,t) +f7(x, T —t) = 0?Vy Inpr_¢(x) f~(x,t) — fT(x,t) = 02V Inps(x)

- Flips / No longer the same joint - Encodes the same joint

Law(xt)¢—o = Law(yT—¢ )e—o Law(x¢)¢—o = Law(yt)¢—o



Time Reversal — Generative Modelling

Time reversing VP-SDE / OU Process [Song 2021, De Bortoli 2021]
Consider the time homogenous VP-SDE (OU Process):
Xo ~ Pdata
dX, = —BX,dt + \/26dW,
Then its time reversal (Y;)7_, < (Xr_;)T_, satisfies the score SDE [Song 2021]:
Yo ~ pr =~ N(0, 1)
dY; = (aY; +2aVy, Inpr_(Y;)) dt + v2adB;

Where YT ~ Ddata , thus we could instead sample approximately Yy ~ N(0,1)
and have LawYr = pgata following the mixing rate of the OU [De Bortoli 2021]



Probability flow ODE

Data Forward SDE Prior Reverse SDE Data

@ dz = f(z,t)dt + g(t)dw >@— de = [f(z,t) — g*(t)V. log pi ()] dt + g(t)dw




Probability Flow ODE

Definition: Every stochastic process described by an SDE has a corresponding deterministic

process described by an ODE that has the same marginal probability densities {pt(x)};rzo.
This process is called the probability flow ODE. For a general SDE of the form dX; =

w(Xs, t)dt + o (X, t)dWy, the corresponding ODE is given by

dX; = [u(X,t) — %vx[c(xt,t)o(xt,t)“-“] - %G(Xt,t)o(xt,t)Tvx log py (x)] dt



Probability Flow ODE

dX; = [u(Xy,t) — ;Vx[(’(xt,t)ﬁ(xt,t)T] - éc(Xt,t)c(Xt,t)TVx log p;(x) | dt

dX; = [u(Xs, t) — icz(t)vx log pt(X¢)]dt
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Probability Flow ODE

o pux) =~ o 5 O]+ 5 o[ Valo(, D00, 6T Ipu()] + 5 o [o(x,tho(x,6)7 () Vi log pi ()]

Pull der. b 0 1 1
And plx) oPu(x) = = |k, t) = 5 Vilo(x,t)o(x,t)"] — So(x,t)o(x,t)T Vallog pi(x)]]
out
0 0

5o () = — ik, 6)p (x)



Generative Modelling

Given samples z1,...,2, withz ~ p
Infer p such that p =~ p.

Tasks

Evaluate the likelihood of new data p(z)

Sample z ~ p

Proteins

<D

HERIGE

SIUSRN




Generative Modelling

max Ex..p,.. 1og po (%)



Generative Modelling

m(?x ]1'-?‘x~pdata log Po (X)

sp(x) = Vxlog pe(x)
= Vy log (%)

= Vy log fy(x) — V, log Zyg

=(
= Vi log f9 (X)



How to train and simulate?

Epx) [|| Vx log p(x) — so(x) 3]

Epo[1Vxog (x) — s0(x) ] = [ p(0)]|Vx ogp(x) — so(x) dx:



Naive Score Matching
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Naive Score Matching

Data density
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How to train and simulate?

Epx) [|| Vx log p(x) — so(x) 3]

Ec14(0,1) Epy() [A(£) || Vx log pe (%) — so(x, £)][3],



Denoising Score Matching

Perturbed scores Estimated scores

Perturbed density

_ta.. il Y S R i R il il ot e e a5
—fp \\\\s\\\t\i\\\\\\\\—
—'; .s\\\t\.\b\.\b\t\\\\\m
L A ¢ 5 RSN -
il T ARt P
SERb R bl
e
“““\.““l//rlOO\\\\“u
[ | , B T IS

w\‘,_,,,,HH.. oy o
AREERERE S &

Y riid o RS
_\\\--‘C ...... . rP
CELL L b o oy .._
_\\\\\\\\A\q'. )
—\\\\\\\\\\ \\\\\ P |
VLl

I \\\\1\\\\\\ -h
_“\\\\\\\\\\\\\\q...'*
_IN\I\hKK\.\n\.ﬂ\.ﬁhhhkLIfrru

OF% B S BN R S R S S G S S SR R SR S S S S S S e

AN Y Yy s s \\\\\\\\\\\\\—
_t: . ’ \\\\\\b\\\\\\\\\\—
“r» A AP B ;l!\\t\t\\\l\t\\\\L
O N ul.-"“‘\\\\\
SRS s
(e
i og = 4 -
P’y NN f'f\\\\\&
_\\‘...’1///f'o\\\\\;
_\\\...,;z//a...\\\\;
il 8y anal . Ry b
“\\‘...,,,.. SR
A TR
_ a‘ Gl 5 A R Ay e e »
AR 21
1 \\\A ..... - 4
—\\\\\\\\\\ \\\\\ cﬁ
"\\\\\\\\\\\\ ....... f |
—\\\\\\\\\\\\\\\~.-vt&
&.N.\.\n&.hh\.\n\lﬁhhLLl.l,lru...._




Denoising Score Matching
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We apply multiple scales of Gaussian noise to perturb the data distribution (first row), and jointly estimate the score
functions for all of them (second row).




How to train and simulate?

Epx) [|| Vx log p(x) — so(x) 3]

Ec14(0,1) Epy() [A(£) || Vx log pe (%) — so(x, £)][3],

Ax — [f(x,t) — g°(t)se(x,t)|At + g(t)4/ |At|z;
X +— x + Ax
t <« t+ At,



ractable Score matching loss

. _
s*= argmin [E / HVInpﬂO(Xt\XO) — S(t,Xt)HQ dt
0

s—is measurable




ractable Score matching loss

- _
s*= argmin E / |V In pyjo (X Xo) — 3(75,Xt)H2 dt
0

s—is measurable

s™(¢, ) = Exgx, [V Inpgo(Xe | Xo) [ Xy = 2]




ractable Score matching loss

- _
s*= argmin E / |V In pyjo (X Xo) — 3(75,Xt)H2 dt
0

s—is measurable

s™(¢, ) = Exgx, [V Inpgo(Xe | Xo) [ Xy = 2]

*(t.) = [ pop(wola) ¥ g (o) da




ractable Score matching loss

- _
s*= argmin E / |V In pyjo (X Xo) — 3(75,Xt)H2 dt
0

s—is measurable

s*(t,x) = Ex,|x, AY% 1npt|O(Xt‘X0)‘Xt = x]
*(t.) = [ pop(wola) ¥ g (o) da

s (t, ) = /pto(il?]ajo)po(xo)

pe(T)

V I pyjo (o) daro




ractable Score matching loss

V In pyjo(z|zo)dag

s (t, ) = /pto(xlxo)po(xo)

pi()



ractable Score matching loss

s (t, ) = /pto(xlxo)po(xo)

pt(x)
/ Po(20)Vpuo (|0 )dzg

V I pyjo (o) daro




ractable Score matching loss

§*(t,2) = /pto(xfiﬂo)po(l‘o)

V I pyjo (o) daro

pt(x)
i _ ! T x|xg)dx
5" (6:2) = —— [ po(a0) Vpyo(alao)dao
. _ 1 T x|xo)dx
s*(t,x) = pt(x)V/po( o)pt|0( z0)dg



ractable Score matching loss

V I pyjo (o) daro

§*(t,2) = /pto(xfiﬂo)po(l‘o)

pt(x)
i _ ! T x|xg)dx
5" (6:2) = —— [ po(a0) Vpyo(alao)dao
. _ 1 T x|xo)dx
s*(t,x) = pt(x)V/po( o)pt|0( z0)dg
s*(t,x) = : Vpi(z) =V, Inp(x)

pt()



Conditional Flow Matching

Diffusion Closed-form
Process conditional probability

dx, = f(X,)dt + g,(X,)dw =—pp  P(X;|X()
Training Sampling

Hse(Xt) — Vlog p(x, |XO)H X, = f(X,) — : g 254(X,)



Denoising Score Matching
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Denoising Score Matching
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Key Equations for Score-based Modelling

"Forward" SDE
_)

dc; = f(s,t) dt+g(t) AW with o ~ py
"Reverse" SDE
dz; = (f(z,t) — g(t)*Viogps(x;)) dt +g(t) dW with o ~ po

Probability flow ODE

1 .
dz; = | f(xy,t) — Eg(t)ZV logpi(x:) | dt  with x¢ ~ pg



Score-based generative modelling

Training: learn score s;(z) := V log p;(x) by

1. Sample from target z; ~ p;
2. Run "forward" SDE to "noise" z; until it becomes "simple" z¢ ~ pg

3. Minimize some loss « ||§:(z) — St(il3)||2

Inference: sample using "reverse" SDE or prob-flow ODE

Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)d —)@— — g (t)V. logpi (z ) dt + g(t)dw

Figure 2 from Song et al. (2020)




Conditional Flow Matching

Diffusion Closed-form
Process conditional probability

dx, = f(X,)dt + g,(X,)dw =—pp  P(X;|X()
Training Sampling

Hse(Xt) — Vlog p(x, |XO)H X, = f(X,) — : g 254(X,)



Conditional Flow Matching

General conditional
probability path

pX,|xg) = N (u(Xp), 0}2 (Xo)])

Training Sampling

[vox) — x| xO)H2 X, = vy(x,)



Normalising Flows

~ generated distribution true data distribution
A
| | p(x)
unit gauSS|ar/
generative
Q model .
- || (neural net) s _[loss)

N image space image space

Let po be a simple distribution on R?¢ and ¢ : R — R¢ a transformation
(diffeomorphism).

Let p; be the distribution of moving the samples of py along z; = ¢(zo).

0
o (@0)

-1
, where z¢=¢ ()

P1(€B1) = Po(wo)



Normalising Flows

Parameterise the transformation by a deep neural network q{3

Maximum log likelihood objective:

93
8—2(330)

E;p[logpi(z)] = E [logpo(mg) — log ], where zo = ¢ ()

Challenges Requires computation of inverse ¢! and the determinant of
Jacobian ‘%’



Continuous Normalising Flows (CNFs)

Use multiple 'residual' transformations

Ir = (uN OUN-1...0© ul)(:zzo).

For N — oo, the flow ¢; describes the position of a starting point z( along
the vector field u;, defined via an ODE

dzy
dt

where z; = ¢;(zo) and u; : R? — R is the tangent field of the flow.

— ut(wt)a

The transformation is then the solution to

1
T = ¢1(x0) = zo —|—/0 us(zy)dt.



Continuous change-in-variables

Fokker-Planck equation without the diffusion term:

log pe() = log po(a) — /O (V - ue)(ee)dt

Maximum likelihood training of Continuous Normalising Flows require:

e expensive numerical ODE simulations
e estimators for the divergence.



Flow Matching

Integral-free approach to training CNF models

Supervised regression objective

Let u; be a vector field that generates p;, then we parameterise a neural net
4 : R, x R? — R? and want to learn it using

L =Eip,m) [0t ) — wi(2)]|]

Challenges:

How do we ensure p; = p
What should pgy be?

What is u;?



Many names — same idea

FLOW MATCHING FOR GENERATIVE MODELING

Yaron Lipman'? Ricky T. Q. Chen' Heli Ben-Hamu? Maximilian Nickel! Matt Le!
1Meta AI (FAIR) 2?Weizmann Institute of Science
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FLOW MATCHING FOR GENERATIVE MODELING
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BUILDING NORMALIZING FLOWS WITH STOCHASTIC
INTERPOLANTS

Michael S. Albergo Eric Vanden-Eijnden

Center for Cosmology and Particle Physics Courant Institute of Mathematical Sciences
New York University New York University

New York, NY 10003, USA New York, NY 10012, USA

albergo@nyu.edu eve2@cims.nyu.edu



Many names — same idea

Flow Straight and Fast:
FLOW MATCHING Learning to Generate and Transfer Data with Rectified Flow

Yaron Lipman'? Ricky T. Q.

1Meta AI (FAIR) 2Weizmann I Xingchao Liu* Chengyue Gong*
University of Texas at Austin University of Texas at Austin
xcliul@utexas.edu cygong@dcs.utexas.edu
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University of Texas at Austin
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New York University New York University
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Many names — same idea

Flow Straight and Fast:
FLOW MATCHING Learning to Generate and Transfer Data with Rectified Flow

Yaron Lipman'? Ricky T. Q.

1Meta AI (FAIR) 2Weizmann I Xingchao Liu* Chengyue Gong*
University of Texas at Austin University of Texas at Austin
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Kirill Neklyudov'! Rob Brekelmans' Daniel Severo!? Alireza Makhzani '



Conditional Flow Matching

Target probability path: as mixture of simpler probability paths
pt = [pe(-|z1)p(21)dzy

Conditional probability path p;(-|z;) s.t. p1(:|z1) = 8, and po(-|z1) = po

Recover data dlstnbutlon
P1 fpl 93|5C1) 331 dwl f5z1(w 351 dwl = ql( )

A Tk B~
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Conditional Flows

Conditional vector field u;(-|z;) inducing conditional probability path
pe(-|z1)

Marginal vector field u; via marginalising over the conditional vector field
uy(+|1)

wi@) = [wlelevparlo)ios = [wulelen) ORI gy~ 0 fus(erler)

pi(z)




Conditional Flows

C




(Conditional) Flow Matching: Training

(Exact) flow matching: Lrmv(0) = Eep,so,11p, [||wa(t, 2¢) — us(2)||?] with
ut(w) — ]EwOathQIPﬂl [ut(mtlwl)]

Akin to score matching, one can actually move the expectation outside
the £2 norm

Conditional flow matching:
Lcrm(0) = Eto,zimuio,tlapy |6t T¢) — ue(@elz1)]|’]

VoLrm(0) = VoLcrm(0)

Sampling z; and evaluating u(z;|z;) is available in closed form.



Gaussian Probability Paths

Conditional Probability path: p;(z|z1) = N(u:(x1), o¢(x1)2I)

Conditional vector field: u;(z|z;) = M(:1: — pe(z1)) + pi(z1)

oi(z1)
Example: Linear interpolation

o us =txyand oy 2 1 —t = pi(z|z1) = N(z|tzy, (1 —t)?)
o u(zlz1) = 15 (21 — )

e ee By

Wiy 4
§\\ /,ﬁ\\ = 71\ 7 \:7// \\\‘

t=0.0 t=13 t=2/3 =10 . i=1/s t=2/3 =10
Diffusion path — conditional score function OT path — conditional vector field

—

N




Flow Matching vs. Diffusion

Algorithm 1: Flow Matching training. Algorithm 2: Diffusion training.
Input : dataset g, noise p Input : dataset g, noise p
Initialize v? Initialize s?
while not converged do while not converged do
U([O, 1]) > sample time t ~ L{([O, 1]) > sample time
Ty ~ q(z1) > sample data z1 ~ q(z71) > sample data
[370 ~ p(xo) > sample noise Lflit pt(z¢|r1) > sample conditional probJ
xy = Wy(xo|21) > conditional flow Gradient step with
Gradient step with Vgl|[v! (z;) — ¢||* | Vglls{(zt) — Vg, log pe(ae|x) ||
Output: v’ Output: v?

p/(x,| x,) closed-form from of SDE dx, = f,dt + g,dw

p{x;| x;) general « Variance Exploding: p(x|x;) = N/ (x| x,, 612_,1 )

i I
p(xy) is genera « Variance Preserving: p(x|x;) = N (x| a;_x;, (1 — ai2 D)
a, = =270
p(x,) is Gaussian

po(-lx)~p



Conditional Flow Matching

"So, what's the difference between FMs and
SBDMs?"

Learn ODE inference SDE inference Exact endpoints
FM  u(t,z) ve x1 ve
SBDM s(t, x) v v x2

Which is "better"? 5

Note: unclear whether "exact endpoint" and "normalisable guarantee"
matters in practice



Score-based modelling

Diffusion Closed-form
Process conditional probability

dx, = f(X)dt + g(X,)dw ===p  D(X;|X)
Training Sampling

2 1
”sg(Xt) — Vlogp,(X, | Xo)” X, = fi(X,) — = g25,(x,)



Conditional Flow Matching

General conditional
probability path

pX,|xg) = N (u(Xp), 0}2 (Xo)])

Training Sampling

[vox) — x| xO)H2 X, = vy(x,)



